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Introduction: the Fermi polaron problem

A mobile impurity interacting with a spin-polarized medium (Fermi sea)
- a fundamental many-body problem, first described by Landau and 
Pekar (1948)

• Realized in cold atom experiments of two-components (i.e., spin-1/2) Fermi gas
interacting with a short-range interaction.
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Figure 2. The energy of the two lowest branches of the toy model
for the case m↓ = m↑. We plot E = ϵ − ϵF , such that E tends to
zero in the non-interacting limit |kF a| ≪ 1. The thick lines
represent a broad resonance, while the thin ones represent a narrow
one with kF R∗ = 1. The dashed blue lines are the vacuum dimer
energies Evac

d − ϵF .

i.e. a radius of order of the average interparticle distance.
The boundary conditions at the origin and at the edge of the
box then yield the relation k cot(kR) = a− 1 + R∗k2. For
negative energy ϵ = − κ2/2mr , correspondingly one has ψ =
sinh[κ(r− R)]/r and the condition κ coth(κR) = a− 1− R∗κ2.

In figure 2 we plot the two lowest energy solutions,
or branches, of this model for the equal mass case m↑ =
m↓. The two branches continuously connect in the non-
interacting limit a = 0. To first order in kF a, the energy
shift of the upper (lower) branch increases (decreases) as
3(mr/m↑)3/2[2πan↑/mr ], with the factor in square brackets
equal to the mean-field shift. For equal masses one finds
3(mr/m↑)3/2 = 1.061. The toy model therefore almost
reproduces the exact result in the weak-coupling limit. In the
vicinity of the resonance, the scattering length is much larger
than the average interparticle distance and it drops out of the
problem: the energy of the two branches then depends solely
on the Fermi energy of the system, and on the range parameter
R∗. On the BEC side a > 0, the attractive polaron energy
approaches the vacuum dimer energy Evac

d − ϵF , reflecting the
fact that the ground state for a → 0+ is a tightly bound ↑↓
dimer immersed in the majority Fermi sea.

This simple model captures some of the essential
physics of the impurity problem, but being a two-body
approximation to a many-body problem one cannot hope
to obtain quantitatively correct results. Furthermore, the
model misses two qualitative features which play a key role
in the rest of this review: the metastability of the upper
branch, and the presence of a dressed dimer+hole continuum.
Nonetheless, this toy model gives a simple physical picture
which demonstrates the presence of a repulsive branch of
excitations in a system with purely attractive interactions.

2.2.2. Complete many-body picture. Before entering into the
detail of their derivation, we present here the complete set
of states present in the spectrum of one single minority atom
at zero momentum embedded in a Fermi gas. The possible
states are showed pictorially in figure 3, while their energies
are shown in figure 4.

First, the lower green line in figure 4 gives the energy E−
of a quasi-particle formed by the minority atom attracting a

repulsive polaron dressed dimer + hole attractive polaron

Figure 3. The possible states of an impurity immersed in a
Fermi gas.

repulsive polaron

dressed dimer
continuum attractive polaron

vacuum
dimer

−2 −1 1 2

−4

−3

−2

−1

1

−1/(kFa)

E/ϵF

Figure 4. The energy spectrum of a zero-momentum impurity in a
Fermi sea contains a repulsive polaron, a continuum of dressed
dimers and an attractive polaron. The dotted black lines are the
mean-field result, and the dashed line is the dimer energy in the
absence of the Fermi sea. The spectrum is generic but the
quantitative details correspond here to the case m↑ = m↓ and
R∗ = 0. The curves are obtained from the 1PH approximation
described in section 2.3.

cloud of surrounding majority atoms. It is referred to as the
attractive polaron in analogy with an electron interacting with
phonons in a crystal [8]. The attractive polaron has the energy
E− = 2πan↑/mr in the BCS limit, and it gets increasingly
bound with increasing 1/kF a. At resonance, 1/kF a = 0, for
equal masses one finds E− ∼ − 0.6ϵF when kF R∗ ≪ 1.

Second, the upper red line in figure 4 gives the energy
E+ of the repulsive polaron, a quasi-particle formed by the
minority atom repelling the surrounding majority atoms. The
repulsive polaron is the many-body analog of the first excited
scattering state of the two-body problem (see the red line in
figure 2). In the BEC limit, the energy is E+ = 2πan↑/mr

and it increases to become of the order of ϵF as the Feshbach
resonance is approached from the BEC side. However, the
repulsive polaron becomes increasingly unstable toward decay
(see section 3.4) as the resonance is approached from the BEC
side, and it eventually becomes ill-defined.

Third, there is a continuum of states between the repulsive
and attractive polaron energies in figure 4. In the BEC limit
1/kF a ≫ 1, it consists of a dressed dimer+hole continuum,
where the dressed dimer is formed by the minority atom and
one majority atom, which can be taken from anywhere inside
the Fermi sea, resulting in a continuum of excitations with
spectral width ∼ ϵF .

The ground state of the mixture is a polaron on the BCS
side, and a dressed dimer immersed in a Fermi sea with one
less particle on the BEC side. When the polaron is the ground
state, there is also a continuum of zero-momentum states
corresponding to a finite momentum polaron and a particle–
hole excitation in the Fermi sea with the opposite momentum,
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• This system has several quasi-particle excitations:
attractive polaron, dressed dimer (molecule), repulsive polaron



• In the unitary limit               ,  there is a crossover from a Femi polaron at low 
temperatures to a classical Boltzmann gas at higher temperatures.

• At zero temperature, there is 
phase transition from a polaron
to a dressed dimer (molecule) as
a function of      
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FIG. 3. (Color online) Energy spectrum of the single-particle
excitations of the polaron-to-molecule transition. In the inset we
show our fRG result for the ground-state energy [with the universal
dimer binding energy Eb = −h̄2/(ma2) subtracted] in comparison to
the results obtained with diagMC by Prokof’ev and Svistunov [2]
(symbols).

frequencies, and the much broader repulsive polaron branch at
higher frequencies.

Decay widths. The repulsive polaron has a large decay
width !rep, as calculated from Eq. (23) and depicted in
Fig. 5, and correspondingly a short lifetime. The leading-order
decay channel for the repulsive polaron is the process shown
in Fig. 4 (left) where the repulsive polaron, which is an
excited state, decays to the attractive, and energetically lower
lying, polaron due to the interaction with an ↑-atom. This
diagram can be translated via the optical theorem into a
contribution to the imaginary part of the ↓-atom self-energy, as
depicted in Fig. 4 (right). This self-energy diagram is already
included in the non-self-consistent T-matrix propagator P nsc

↓ ,
and has been studied recently using this approximation
[21]. Of course, this diagram is also included in our fRG
approach.

In the weak-coupling limit (kF a)−1 → ∞, the excitation
becomes sharp, !rep → 0, and the repulsive polaron is a well-
defined quasiparticle. Toward unitarity, !rep grows but remains
a well-defined, finite quantity even at unitarity. We find that
indeed !rep, and not the approximation !alt

rep from Eq. (26),
is the correct halfwidth at half-height of the respective peak

optical
theorem

FIG. 4. (Color online) Decay channel for the repulsive polaron.
(left) Two-body process which leads to the decay of the repulsive
polaron. (right) Corresponding contribution to the ↓-atom self-energy
via the optical theorem.
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FIG. 5. Decay width !rep of the repulsive polaron as a function
of the coupling (kF a)−1. We also show the width according to the
approximate formula Eq. (26) (dotted line). Inset: Decay width !att

of the attractive polaron.

in the polaron spectral function in Fig. 2(b). For (kF a)−1 < 0.6
the energy Erep of the repulsive branch exceeds the bath Fermi
energy; Erep > ϵF . At this point it is energetically favorable
to spin-flip the impurity atom, which can be interpreted as the
condition for the onset of saturated ferromagnetism [20,26].
At the same time the decay width !rep > 0.2ϵF is large, which
potentially destabilizes a ferromagnetic phase [25].

On the polaronic side (kF a)−1 < (kF ac)−1 the attractive
polaron is the stable ground state with decay width !att = 0,
while on the molecular side it is an excited state with finite
lifetime and decay width !att > 0, see Fig. 5 (inset). This
decay is much weaker and also qualitatively different from
the repulsive channel. The attractive polaron can decay by a
three-body recombination process as shown in Fig. 6 (left).
Via the optical theorem this process can be translated into a
contribution to the ↓-atom self-energy as depicted in Fig. 6
(right), plus an additional contribution with crossed lines. This
decay channel has recently been studied using an explicit three-
loop calculation [17]. The resulting finite lifetime cannot be
seen in the non-self-consistent T-matrix approximation, where
the self-energy corrections of the ↓-atom—indicated by the

optical
theorem

FIG. 6. (Color online) Decay channel for the attractive polaron.
(left) Three-body recombination process which leads to the decay
of the attractive polaron. (right) Corresponding contribution to the
↓-atom self-energy via the optical theorem (there is also a contribution
with crossed lines).
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  1/ (kF a)

Consider a two-component (spin up/down) fermionic atoms with             and
interacting with a short-range interaction                  characterized by a scattering 
length     .a 			V0δ(r− r')

 a→∞

	N↑ =N 		N↓ =1

Ground-state (T=0) properties were studied by several methods:
diffusion Monte Carlo, diagrammatic Monte Carlo, functional  renormalization group, ...  

At finite temperature, variational one particle-hole approximations were used but
there have been no controlled calculations.  



Canonical-ensemble auxiliary-field Monte Carlo (AFMC) method

  
e−βH = D[σ ]∫  GσUσ

is a Gaussian weight and      is a propagator of non-interacting particles 
moving in external auxiliary fields  

AFMC is based on the Hubbard-Stratonovich transformation, which describes the 
Gibbs ensemble          at inverse temperature              as a path integral over time-
dependent auxiliary fields �(⌧)

		β =1/T e−βH

	Gσ
�(⌧)	Uσ

The high-dimensional integration over      is evaluated by importance sampling.σ

Recent review of AFMC: Y. Alhassid, in Emergent Phenomena in Atomic Nuclei from Large-
Scale Modeling, ed. K.D. Launey (World Scientific 2017)

• The integrand reduces to matrix algebra in the single-particle space.

We implemented the canonical ensemble by exact particle-number projection.

We carried out the first controlled calculations of the polaron problem at finite
temperature using AFMC



Monte Carlo sign 

Sign vs temperature at unitarity Sign vs coupling at 

In the spin-balanced case, the Monte Carlo sign is positive for all samples.   

However, for a spin-imbalanced system (e.g., the polaron), the sign can be negative
for some samples and the average sign  

• At unitarity, the sign problem is moderate for temperatures   

• At low temperatures, the sign problem is moderate up to a coupling of  		1/(kFa)<0.7

		T > 0.1TF

		T = 0.2TF

	〈Φ〉 <1



A lattice approach

We use a discrete spatial lattice with spacing     

			 
H = !2k2

2m akσ
† akσ +

V0
2(δ x)3kσ∑ ψ xiσ

† ψ xiσ '
† ψ xiσ '

ψ xiσxiσ
∑

is a single-particle state with momentum     and spin
is a creation operator at site     and spin    .  

		k ,σ 	k σ
			ψ xiσ

†
		x i σ

	δ x

S. Jensen, C.N. Gilbreth, and Y. Alhassid, Phys. Rev. Lett. 124 (2020)

Lattice Hamiltonian:

• Two important limits must be taken:

(i) Continuum limit or filling factor            at a fixed particle number         

(ii) Thermodynamic limit of large particle number

	ν→0		δ x→0

	N→∞

	N



The contact C

A fundamental thermodynamic property of quantum many-body systems
with short-range interactions

• The contact C describes the short-range pair correlation at distance r

		
〈n↑(r)n↓(0)〉~

C
4πr2

• Characterizes the tail of the momentum distribution
		
nσ (k)~

C
k4

• Can be expressed as the adiabatic derivative of the energy with respect to
the inverse scattering length

		 
C = 4πm

!2
∂E

∂(−1/a)

• Characterizes the high-frequency tail of the shear viscosity spectral function 

…
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--Many of the strong coupling theories are based on uncontrolled approximations 

S. Jensen, C.N. Gilbreth, and Y. Alhassid, 
Phys. Rev. Lett. 125 (2020)



Contact vs temperature at unitarity for the polaron problem

• Good agreement with the variational particle-hole results (Liu et al 2020)

• In overall agreement with the experimental data by the MIT group (2019)

• The monotonic increase with T reflects the increased population of the 
excited molecular state (in which the pair correlation is larger)



Contact versus coupling at 		T =0.2TF  1/ (kF a)

• The leading order contribution         arises from the two-particle binding energy
		
8π
kFa

• Our results are close to the variational one particle-hole results

• Deviations from experiment for 		0.2<1/(kFa)<0.7



Free energy gap

Free energy gap vs temperature

		ΔF = F −F0 where      is the non-interacting free energy 		F0
relates the injection and ejection spectral functions through detailed balance 

		Aej(k ,ω )= e
β ΔFeβωe−βεk Ainj(k ,−ω )

	ΔF

		
eβ ΔF = ZimpZmed

Zint
= Zimp

〈 1
trUσ

↓ Φσ 〉W
〈Φσ 〉W

A formula to calculate       in AFMC without the need for numerical analytic continuation: 	ΔF

decreases with T more steeply than 
the one particle-hole approximation
	ΔF

⇒ molecular state is occupied more rapidly
than previously thought

	ΔF



Free energy gap vs coupling

Large deviations from the variational one particle-hole approximation beyond 		1/(kFa)~0.5

Higher–order contributions to the spectrum beyond the one particle-hole
approximation become more significant.

		1/(kFa)

⇒



Conclusion

• First controlled calculations of the Fermi polaron at finite temperature

Outlook

• We employed  AFMC methods on discrete lattices and eliminated systematic
errors associated with the finite lattice spacing by taking a continuum extrapolation.

• Calculate the spectral weight of the impurity to determine the quasi-particle 
excitations of the system

• Canonical-ensemble AFMC methods are particularly suitable for the Fermi
polaron problem

• Our AFMC results for the contact are in overall agreement with the variational 
one  particle-hole method.

• The free energy gap exhibits significant deviations from the variational one 
particle-hole method. 


